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1. Definitions

Percolation is the study of connectivity within a network. On a square grid, this is
visualised by sites occupied with probability p, where connectivity is defined by nearest
neighbours. The following definitions will be useful throughout this paper:

Spanning Cluster A cluster is a set of connected sites, and is a spanning cluster if it
connects one side to the other. If a spanning cluster exists within a system, the
system is percolating.

Percolation Probability A system of size L spans with percolation probability Π(p, L).
The specific probability where this transition occurs is the percolation threshold, pc.

Correlation Length The probability that 2 occupied sites separated by a distance r
are connected is represented by the correlation function g(r) = pr = e−r/ξ with
correlation length ξ.

Universality Universality is the idea that properties of large systems are independent
of dynamical details. Consequently, we can study the most simplified model, and
scale independent properties after calculations.

2. The One-Dimensional Case

In one dimension, there is a spanning cluster if and only if all the sites are occupied,
with percolation probability Π(p, L) = pL. As L → ∞, Π(p, L) = 0 if p < 1, and
Π(p, L) = 1 if p = 1. From this we trivially find that the critical value is pc = 1.

A cluster of size s in 1-D is a sequence of s consecutively occupied sites. The probability
that a site is in a specific cluster is known as the cluster number density: n(s, p;L) =
ps(1− p)2.
In 1-D, this is equal to the probability that there is a cluster of size s. This highlights
the rarity of large clusters unless p is very close to 1. We can estimate n(s, p;L) by:

n̂(s, p;L) =
Ns

MLd
=

Ns

ML
(1)

Figure 1: Average cluster size S(p) as a
function of p in 1-D

Where Ns is the total number of clusters of
size s observed across M independent real-
isations of an L × L lattice, and d is the
dimension (here, d = 1). We can also com-
pute the average cluster size: S(p) =∑

s s
(

sn(s,p)∑
s sn(s,p)

)
= 1+p

1−p

Figure 1 shows that for small p ∈ [0.1, 0.8]
our average cluster size S(p) increases grad-
ually, while clusters remain small. However,
once p gets close to the percolation thresh-
old pc, we see a dramatic steepening of the
curve, and much larger cluster sizes. This
illustrates the divergence S(p) → (1 − p)−1

as p → pc = 1.

The characteristic cluster size sξ is the typ-
ical size of clusters in the system, and de-

1



scribes the scale on which the cluster number density decays. In one dimension it is given
by sξ = −1/ ln(p), which as p → pc scales asymptotically as sξ ∼ (1 − p)−1. Thus, sξ
diverges as the system approaches its percolation threshold pc.

Figure 2a is plotted on a linear axis, showing a very steep decay in the cluster number
density as s increases. Figure 2b shows the same data but on a semi-logarithmic scale.
This produces a linear plot and reveals some deviations on the tail end due to noise at
large s.

(a) Linear axes (b) Semi-logarithmic axes

Figure 2: A plot of the decay of the cluster number density n(s, p) = ps(1 − p)2 for
increasing cluster sizes s.

3. Infinite-Dimensional Case

The Bethe lattice, also called the Cayley tree, is a homogeneous tree structure in which
each node has Z neighbours, where Z is called the coordination number.

Figure 3: A Bethe Lattice
with 2 generations and

co-ordination number Z = 3

Looking at figure 3, the centre ‘parent’ node (labelled P)
has Z neighbours, or ‘children’. Moving outward to the
children nodes (labelled C), now the new generation’s
parent nodes, each has Z − 1 new child nodes, where
one of those neighbours is the old parent node.

From the above we can see that in order to form a span-
ning cluster, the process of neighbouring sites must con-
tinue infinitely, and so at least one of the Z−1 sites must
be occupied on average, i.e the occupation probability
must be: p(Z − 1) ≥ 1. In which case the threshold
value pc occurs at the threshold of the above inequality:

pc =
1

Z − 1
.

In the infinite dimensional case, where each node is open with probability p, we can ask
the question of whether or not an infinite cluster will form. If so, the cluster spans the
infinite lattice, so is a spanning cluster, and the system percolates.

Scaling Properties
1. Crucially, the Bethe Lattice has no loops. This means nodes are connected through
one route, and so an exact solution can be found.
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2. The number of new nodes each generation grows exponentially to (Z − 1)h where h is
the number of generations in the lattice. In the infinite case, both the bulk and perimeter
grow at this rate (as opposed to the perimeter growing faster in the finite case) and so
we get the scaling relationship: Bulk ∼ Perimeter.

3. An infinite spanning cluster forms for p > pc and P (p) ∼ (p − pc)
β where P is the

probability for a site to be connected to the spanning cluster.

4. If, then, p ≤ pc, the clusters must be finite. The average cluster size, S, of these
clusters is:

S =
Γ

(pc − p)γ
∼ |p− pc|−γ

where Γ is some normalisation constant and γ characterises the behaviour of S. We can
see S diverges as a power law as p → pc, meaning clusters become much larger near pc.

5. The general scaling for the cluster number density is:

n(s, p) = s−τF
( s

sξ

)
= s−τF (s|p− pc|1/σ) (2)

where the characteristic cluster size sξ ∼ |p− pc|−1/σ.

6. The correlation length is ξ ∼ |p−pc|−ν which also diverges as p → pc, meaning clusters
become much larger near pc.

When a system reaches a high enough dimension, variations between sites become negli-
gible, and so the system behaves like its own average environment, following mean-field
critical behaviour. The Bethe Lattice, being infinite dimensional, therefore takes the
mean-field critical exponents γ = 1, β = 1, σ = 1

2
, ν = 1

2
, and τ = 5

2
.

The above definitions are taken in part from Percolation theory using Python [2].

4. Estimating Cluster Number Density in 2-D

Unfortunately, we cannot examine percolation clusters analytically in 2-D. Instead, we
can estimate n(s, p) near to pc ≈ 0.59275 numerically using the same formula as in
equation (1) (for d = 2). However, the number of clusters for each value of s decreases
rapidly as cluster size increases. To reduce inaccuracy in our estimate, we can apply
logarithmic binning.

(a) a = 1.2, L = 150, [M = 2000] (b) a = 1.1, L = 250, [M = 1500]

3



(c) a = 1.2, L = 500, [M = 750] (d) a = 1.1, L = 1000, [M = 250]

Figure 4: log-log plots for the logarithmically-binned n̂(s, p;L) over varying L and binning
parameters a. Each plot shows various values of p ∈ [0.50, 0.58]. [Note that as L increases,
we had to reduce M since large values for both is computationally expensive].

A larger lattice size L allows bigger clusters to form, increasing our right-tail end of s.
As p approaches the critical value pc ≈ 0.59275, we see a power-law relationship de-
veloping; the curve is approximately linear on our log-log scale. The closer a is to 1,
the narrower the bins, and hence we expect to retain a higher resolution, resulting in
more noise. Increasing the log-binning parameter a makes each bin wider, decreasing
the noise. Alternatively, increasing a reduces noise, producing a smoother curve. This,
however, also causes a noticeable loss in resolution where we would expect a power-law
to emerge.

5. Scaling Theory of Cluster Number Density

The scaling, or cut-off, function F (x) dictates how the cluster number density n(s, p)
changes with the variable x = s/sξ. For x < 1, F (x) is approximately constant, while it
decays rapidly for x > 1.

Figure 5: d = 2, L = 850, [M = 1500]. The
curves of log10(s

τn(s, p)) against
log10(s

σ|p− pc|), for p approaching pc, show
an approximate collapse onto a single

universal curve.

Hence, as shown in equation (2), once the

cluster size s > sξ, F
(

s
sξ

)
causes n(s, p)

to decay rapidly, this behaviour is clearly
visible in Figure 4, for sξ ≈ 2× 102.

Plotting sτn(s, p) against s|p − pc|1/σ,
therefore, should produce a universal curve
F (x), for all p near pc. Often the trans-
formation F (x) = F̂ (xσ) is used, as it is
computationally simpler, and thus we plot
sτn(s, p) against sσ|p−pc| to produce F̂ (x).

Hence, by trialling different combinations
of τ and σ, we can plot the curves for
various p values, excluding any clusters
that are either too small or larger than sξ.
Overall, the values of τ and σ that pro-
duce the best collapse onto a single curve
are taken as our estimates.

4



Using this method of data collapse, we obtain estimates τexp and σexp which can then
be compared with their current conjectured values. Moreover, using the conjectured
equations [4, p. 22], we can acquire estimates for other percolation universal exponents:

α = 2− τ − 1

σ
β =

τ − 2

σ
γ =

3− τ

σ
ν =

τ − 1

σd
.

d τ τexp σ σexp α αexp β βexp γ γexp ν νexp

1 2 1.99 1 0.99 1 1.00 0 −0.01 1 1.02 1 1.00

2 2.05 2.04 0.40 0.43 −0.67 −0.44 0.14 0.09 2.39 2.25 1.33 1.22

3 2.19 2.22 0.45 0.45 −0.64 −0.68 0.43 0.48 1.78 1.72 0.88 0.89

4 2.32 2.40 0.48 0.49 −0.75 −0.86 0.66 0.81 1.43 1.19 0.69 0.70

Table 1: Conjectured versus experimental universal exponents values for dimensions up
to d = 4 [2, Table 4.1], [1, Tables 7,20]. These values were calculated using code in the
GitHub repository with conjectured percolation thresholds [5, Table 5], [3, Table 2].

6. Computational Analysis

The program (see GitHub) follows the steps below for a L × L lattice with occupation
probability p:

1. Lattice Generation: A random grid is initialized where each site is occupied with
probability p and empty with probability 1− p.

2. Cluster Identification: We utilize the Von Neumann neighbourhood (4-connectivity)
to identify connected clusters using the scipy.ndimage.label function.

3. Spanning Check: Check for any vertically or horizontally spanning clusters.

4. Density Calculation: P (p, L) = Number of sites in spanning clusters
L2

If no unique spanning cluster exists, P (p, L) = 0.

Using the program, Π(p, L) and P (p, L) for L ∈ {2, 4, 8, 16, 32, 64, 128} was computed.

To compare the exact values of a lattice size L = 2 (N = 4 sites), we derive the exact
polynomials by enumerating all 24 = 16 configurations [2, Section 1.4]:

Π(p, 2) = 4p2 − 4p3 + p4, P (p, 2) = 2p2 − p3

Our simulated results match these exact polynomials well (Figure 6).

As L increases, the percolation probability Π(p, L) approaches a step function at the
critical threshold pc ≈ 0.59275. The curves for different L intersect near this critical
point, a clear sign of continuous phase transitions.

5



Figure 6: Simulation results for Π(p, L) and P (p, L) generated by our program

Figure 7: Log-log plot of spanning
density vs. distance from threshold

(p− pc).

To estimate β, we perform a logarithmic re-
gression on the simulation data for L = 128.
The data is filtered to the scaling region 0.64 <
p < 0.85 to avoid finite size effects near pc and
saturation effects near p = 1.

The linear fit is shown in Figure 7. The slope of
the line corresponds to β as calculated in Table
1 for 2-dimensions.

Theoretical Value (2D): β ≈ 0.14.

Estimated Value: The simulations yielded
β ≈ 0.223 The estimated value is fairly simi-
lar to our theoretical value.
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